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Abstract
This thesis presents a probability-based framework for assessing the impact of manufactur-
ing variability on combustor liner durability. Simplified models are used to link combustor
liner life, liner temperature variability, and the effects of manufacturing variability. A prob-
abilistic analysis is then applied to the simplified models to estimate the combustor life
distribution. The material property and liner temperature variations accounted for approx-
imately 80 percent and 20 percent, respectively, of the combustor life variability. Further-
more, the typical combustor life was found to be approximately 20 percent less than the
life estimated using deterministic methods for these combustors, and the probability that a
randomly selected combustor will fail earlier than predicted using deterministic methods is
approximately 80 percent. Finally, the application of a sensitivity analysis to a surrogate
model for the life identified the leading drivers of the minimum combustor life and the typ-
ical combustor life as the material property variability and the variability of the near-wall
combustor gas temperature, respectively.
Thesis Supervisor: Ian Waitz
Title: Professor of Aeronautics and Astronautics
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Chapter 1
Introduction
1.1 Motivation
The lifetime of a gas turbine combustor is typically limited by the durability of its liner,
the structure that surrounds the high-temperature combustion products. The goal of the
combustor thermal design process is to ensure that the liner temperatures do not exceed a
maximum value set by metallurgical limits while minimizing the amount of film cooling air
used in the process. Liner temperatures exceeding this limit hasten the onset of cracking
and buckling, as shown in Figure 1-1 [1]. These forms of distress increase the number of
unscheduled engine removals, which cause the maintenance and repair costs of the engine
to rise.
Figure 1-1: Combustor liner distress (Source: A. Mascarenas, Delta Airlines)
The gas turbine combustor must satisfy several competing objectives along with its
durability requirements: performance, stability, pattern factor, emissions, and affordability.
These requirements present several technical challenges during the design, manufacturing,
and service phases of each new product. The primary function of the combustor is to ef-
ficiently convert the chemical energy stored in the fuel into internal energy. During this
process, the combustor must provide a stable flame over a wide range of operating points.
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Futhermore, lower specific fuel consumption requirements require higher turbine inlet tem-
peratures and operating pressures. The temperatures in the combustor must also increase
in order to deliver these elevated turbine inlet temperatures. Higher temperatures and
pressures in the combustion chamber increase the radiative and convective loads to the
liner walls. Stricter emissions standards necessitate the increased allocation of compressor
discharge air to the primary zone [2]. As a result, a decreased amount of film cooling air
is available to cool the liner. The turbine durability requirements result in increased pat-
tern factor at the combustor outlet. Consequently, the amount of film cooling air used is
decreased and the liner durability is adversely impacted. Moreover, the combustor life re-
quirements have increased as the operating temperatures of the thermodynamic cycle have
risen during the past few decades. Lastly, the combustor must also be manufactured and
maintained at low cost while satisfying this litany of requirements.
A combination of analytical tools and rig tests is necessary in order to ensure the com-
bustor satisfies its durability and other requirements. However, variability arising from
imperfect manufacturing processes introduces uncertainty into the deterministic quantifica-
tion of combustor liner life. The computational expense of the high-fidelity numerical tools
typically used in combustor design prohibits the use of probabilistic methods with these
tools. Moreover, the connections between the structural reliability, aerothermal variability,
and manufacturing variability are seldom made due to the complexity of the task. In partic-
ular, causal relationships are not typically established among the sources of manufacturing
variability, the liner temperature, and the liner life. Absence of these relationships prohibits
an understanding of the extent to which the effects of manufacturing variability impact the
combustor liner life. As a result, the impact of manufacturing variability is accounted for
by making conservative assumptions and adopting design margins based on experience with
similar products. These approaches may yield combustors that are overdesigned in order
to meet one requirement (i.e. structural reliability) while yielding combustors that are
suboptimal with respect to the other aspects of the design (i.e. performance, emissions,
affordability).
1.2 Literature Review
Probability-based design and analysis methods have been used to assess the structural
reliability of aerospace products for over three decades [4]. These techniques mitigate the
conservatism of margin-based risk assessment methods by directly estimating part failure
rates. These methods primarily focus on probabilistic analysis of the structural durability
without accounting for the effects of aerothermal variability.
An early approach to the reliability analysis of fatigue life used the strain-life method
[5]. This method consists of relating the applied stress to the lifetime of the part. This
physical relationship is typically a strain-life curve derived from experiment. The maximum
stress of the part is determined from a structural analysis. Then, the lifetime of the part is
estimated using this maximum stress as an input to the strain-life relation.
An alternative approach to fatigue lifetime prediction is to quantify the impact of vari-
ability on the fracture mechanics. Millwater et. al. [6] implemented a probabilistic struc-
tural analysis program for predicting the crack propagation life while accounting for the
effects of variability. Besterfield et. al. applied a probabilistic finite element analysis in
order to estimate the crack growth [7]. Wu et. al. applied three stochastic fatigue crack
growth models to study the impact of variability on the crack propagation life[11]. These
14
three crack growth models were a Markov chain model, Yang's power law, and a polynomial
model.
The Monte Carlo method is a simulation tool for solving a wide array of mathematical
problems [39]. Within the context of probabilistic durability analysis, this method is used
to propagate the effects of variability to the fatigue life distribution. The Monte Carlo
method contains several steps. The first step consists of forming a set a random variables
using a random number generator. Second, the input values are randomly sampled from
these distributions and applied to a physical model to estimate the output. This process is
repeated until all of the points in the input distributions have been sampled. An advantage
of the Monte Carlo method is its convergence rate is independent of the number of input
parameters. A disadvantage of using this technique, however, is its slow rate of convergence.
In particular, the convergence rate is inversely proportional to the square root of the number
of trials.
Approximate techniques, such as the first-order reliability method (FORM), can be used
to decrease the computational cost of reliability prediction [9]. FORM consists of defining a
limit state function for the fatigue failure, performing a nonlinear optimization on the failure
boundary in order to estimate a reliability index, and then estimating the probability of
failure [8, 9, 10]. The limit state function in FORM is a linearized functional relationship
between the fatigue life and the random inputs. This relation is either known prior to the
statistical analysis or derived from a Design of Experiments (DoE).
Although these probability-based tools are widely used, there is little work on aerother-
mal design and analysis with variability. Garzon and Darmofal [12] proposed a probabilistic
modeling methodology for quantifying the impact of geometric variability on compressor
aerodynamic performance. This analysis focused on a flank-milled integrally-bladed rotor.
A principal components analysis of the compressor blade surface measurements was used
to derive models representing the effects of geometric variability. These variations were
propagated through physical models of the compressor using a Monte Carlo analysis. The
physical models consisted of a compressible, viscous blade passage model and a mean-line
multistage compressor model. The outputs were distributions of loss, turning angle, com-
pressor efficiency, and compressor pressure ratio. The authors showed that the effects of
geometric variability they examined could reduce overall mean compressor efficiency by
approximately one percent.
Sidwell and Darmofal [13] proposed a methodology for quantifying the impact of man-
ufacturing variability on turbine blade cooling flow and oxidation life. The authors applied
a network flow model to the cooling flow system in order to causally link key design param-
eters to the blade cooling mass flow. These parameters were represented by independent,
normally-distributed random variables. The mean values and standard deviations were
derived from the nominal design values and their tolerances, respectively. The authors
identified the key driver of oxidation life to be the blade flow passage area using a sen-
sitivity analysis. A selective assembly method was applied as a means of increasing the
minimum life of a row of blades.
Mavris and Roth [14] proposed a general robust design methodology for the High Speed
Civil Transport (HSCT) impingement-cooled combustor liner. The authors used a finite
element model to estimate the liner thermal loads deterministically. Using Design of Ex-
periments (DoE) techniques, they assembled a response surface equation (RSE) for liner
temperature as a function of several key combustor design parameters. The authors showed
that impingement hole spacing and the thermal barrier coating (TBC) thickness were the
key drivers of liner temperature variance.
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Mavris and Roth represented the variability of aerothermal parameters such as the hot-
side convection coefficient, the compressor discharge temperature, and the adiabatic flame
temperature as triangular probability density functions. The first and second moments
of these distributions were based on design experience. The triangular distribution was
chosen because the true natures of the probability distributions for these parameters were
not known. As a result, causal relationships between these distributions and the geometric
variability of the combustor were not established nor were inferences about the impact of the
combustor liner temperature variability on the life distribution made. Finally, the authors
did not provide a comparison between wall temperature measurements from a combustor
rig data and the probabilistic model estimate.
1.3 Research Objectives
The main objectives of the work reported in this thesis are:
* To develop a simplified combustor model that links the effects of manufacturing vari-
ability, combustor liner temperature, and combustor liner life.
* To quantify the impact of manufacturing variability on low-cycle fatigue life using a
probabilistic analysis.
* To identify the leading drivers of combustor liner low-cycle fatigue life using a sensi-
tivity analysis.
1.4 Thesis Overview
This thesis presents a probability-based framework for quantifying the impact of manufac-
turing variability on combustor liner life. This framework consists of three major parts:
a combustor model, a probabilistic analysis, and a sensitivity analysis. These parts are
summarized in this section.
Chapter 2 presents a simplified model for estimating the combustor liner low-cycle fa-
tigue life distribution. The model establishes causal relationships among a set of design
parameters, the liner temperature, and the liner life. The model elements include a network
flow analysis, a well-stirred reactor analysis, a lumped-parameter analysis of the combustor
temperature field, a liner heat transfer analysis, and a low-cycle fatigue life analysis.
Chapter 3 introduces a probability-based framework for quantifying the impact of man-
ufacturing variability on combustor liner durability. The probabilistic framework is applied
to two combustors used on commercial aircraft engines. Several design parameters are
modeled as independent, normally-distributed random variables. The mean values are de-
termined from the nominal design specifications. The standard deviations are determined
from manufacturing tolerances and other design specifications. The model was assessed by
comparing probabilistic estimates of the liner temperature and liner life to wall temperature
measurements and field failure data.
Chapter 4 proposes a methodology for determining the leading drivers of liner life. A
regression analysis is performed to form a surrogate model for the life. Then, a sensitivity
analysis is applied to this model in order to identify the leading drivers of the liner life
for these combustors. The impact of changing the variability of the random inputs on
combustor life is quantified.
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1.5 Contributions
The main contributions of this thesis are:
* The development of a simplified combustor model that links manufacturing variability,
aerothermal variability, and structural reliability. In particular, the model relates the
effects of manufacturing variability of the liner, fuel mass flow variability, and air
swirler mass flow variability to the bulk gas temperature at the combustor outlet,
to the liner temperature, and to the liner life. The simplified model model consists
of several main elements: network flow analysis, a well-stirred reactor analysis, a
combustor temperature field analysis, a liner heat transfer analysis, and a low-cycle
fatigue life analysis.
* Probabilistic assessment of the impact of fuel flow variability and air swirler flow vari-
ability on bulk gas temperature variability at the combustor outlet. The probabilistic
estimate of the bulk gas temperature variability at the outlet was consistent with
outlet temperature measurements obtained from a combustor rig test.
* Application of a probabilistic analysis to quantify the impact of manufacturing vari-
ability on the liner low-cycle fatigue life for two gas turbine combustors. The proba-
bilistic analysis showed that liner temperature variability reduces the typical combus-
tor life by approximately 20 percent of the nominal life for the combustors studied,
and that the probability that a randomly selected combustor will fail earlier predicted
using deterministic methods is approximately 80 percent. The probabilistic analy-
sis also showed that the material property variability accounts for approximately 80
percent of the variability exhibited in the field failure data.
* Application of a sensitivity analysis to identify the leading drivers of combustor liner
low-cycle fatigue life. The variability of the combustor mixedness and the material
property variability are found to be the leading drivers of the typical combustor life
and the minimum combustor life, respectively. Decreasing the variability of these
quantities are shown to decrease the likelihood that combustor liners will fail earlier
than predicted using deterministic methods.
17
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Chapter 2
Combustor Modeling
2.1 Introduction
This chapter presents a simplified combustor model that establishes causal relationships
amongst geometric design parameters, material properties, liner temperature, and liner life.
The model consists of several elements: a network flow analysis, a combustor temperature
field analysis, a liner heat transfer analysis, and a low-cycle fatigue life analysis. These
elements are shown in Figure 2.1. The model inputs are the mean values and standard
deviations of random variables representing the effects of manufacturing variability. The
outputs are the liner temperatures and the liner low-cycle fatigue life. The mean and stan-
dard deviation of the random inputs are determined from geometric design specifications,
manufacturing tolerances, data scatter about a response surface for the crack-initiation life,
and a statistical assessment of the near-wall gas temperature variability at the combustor
outlet. The outputs are assessed using combustor wall temperatures measurements and
field failure data obtained from an engine company. The input and output parameters used
in the combustor model are shown in Tables 2.1, 2.2, and 2.3. The physical principles,
combustor rig data, and numerical data used to determine the values of these parameters
are also indicated in the tables.
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Combustor Model
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Figure 2-1: Probabilistic modeling framework for assessing the impact
variability on combustor liner temperature and liner life.
of manufacturing
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Table 2.1: Random
Quantity
Hole size multiplier (d)
Slot height (s)
TBC emissivity (Etbc)
TBC thickness (ttbc)
Bond coat thickness (tbnd)
Liner thickness (tin)
TBC thermal conductivity (ktbc)
Liner thermal conductivity (km)
Bond coat thermal conductivity (kd)
Dome air flow conductance (Gair)
Fuel mass flow rate (rhfuel)
Combustor mixedness parameter (C)
Material property variability of life curve ()
Input Variables
Calculated/obtained from
Engine company
Engine company
Engine company
Engine company
Engine company
Engine company
Engine company
Engine company
Engine company
Engine company
Engine company
Engine company
Engine company
Physical principle/data used
Cooling hole tolerances
Geometric tolerance
TBC specification
Spray process capability
Process capability
Geometric tolerance
Material property data
Material property data
Material property data
Combustor rig data
Fuel flow curves/limits
Outlet temperature data
Data scatter (LCF life curve)
Quantity
Liner life (Nf)
Liner temperature (Tmh)
Table 2.2: Random Output Variables
Calculated/obtained from Physical principle/data used
Probabilistic model LCF life analysis
Probabilistic model Heat transfer analysis
Quantity
Burner length (Lc)
Compressor discharge
Compressor discharge
Stoichiometric fuel-air
Velocity profile factor
Stefan-Boltzmann con
Burner area (Ab)
Baseline stress (base)
Baseline liner tempera
Flame luminosity (L)
Mean beam length (lb
Table 2.3: Deterministic Input Parameters
Calculated/obtained from
Engine company
density (P3 ) Engine company
temperature (T3) Engine company
ratio (fst) Calculated
(PFv) Engine company
lstant () Literature
Engine company
Engine company
iture (Tmh) Engine company
Literature
) Calculated
Physical principle/data used
Part drawing
Cycle requirement
Cycle requirement
Stoichiometry
FLUENT
Physical constant
Combustor dimensions
ANSYS
ANSYS
Correlation
Radiation transfer theory
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.
The simplified model was applied to two combustors used on commercial aircraft engines,
referred to as combustors A and B. These combustors contain I liner panels and J annular
sectors, or cup sections, as shown in Figures 2-2 and 2-3, respectively. The walls of these
combustors are convectively cooled by a combination of film cooling on the flame side and
by the bypass air on the cold side. The primary failure mode of these combustor liners is
thermo-mechanical fatigue which arises due to thermal straining of the liner between the
start-up and shutdown of the engine [33]. These thermal strains are caused by elevated
liner temperatures and temperature gradients [15].
Combustors A and B differ in many ways. Notably, they are from two different engine
families with different cycle conditions. These conditions result in different combustor outlet
temperatures. Moreover, the nominal air flow distributions around the liners of combustor
A and B yield different bulk gas temperatures, liner temperatures, and liner lives. Finally,
combustor B has been in the field for a longer period of time than combustor A and has a
long record of unscheduled removals due to combustor liner distress while combustor A has
not caused any such events to date [34].
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Cup Section: j
.. . . . .. . . | ]~-
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Figure 2-2: Sketch of a combustor with I panels.
Panel: i
Figure 2-3: Sketch of a combustor with J sectors, or cup sections.
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2.2 Network Flow Analysis
Cup Section: j
000 di~mfilm, i-lL mdilutioij
I ma irj b I i-lI iI i+1' I I
! I I i- i ! i+l1 i !
, I i - I i+l i
I I I mbulk,ij !
Figure 2-4: Sketch of the mass flows crossing the combustor liner.
Application of a network flow analysis to gas turbine combustors links the mass flows
across the liner and the bulk gas mass flows inside the liner. The bulk gas mass flows are
related by
mbulk,i,j = rmbulk,i-l,j + T7film,i-l,j + tldilution,i,j, (2.1)
where rzbulk,i,j, 7rfilm,i,j, and rhdilution,i,j are the bulk gas mass flow, the film cooling mass
flow, and the dilution air mass flow, respectively, for the it h panel and jth cup section, as
shown in Figure 2-4. The bulk mass flow that crosses the ith face of cell i (hbUlk,ij) is equal
to the sum of the bulk mass flow that crosses the i - 1 face of the ith cell (hbulk,i-lj), the
dilution air that enters the ith cell (h'dilution,i,j), and the film cooling air that enters the
i- 1 cell (hfilm,i_l,j). The total combustor mass flow and the mass flows crossing the liner
are related by the following equation to satisfy the conservation of mass,
J I-1 J I-1 J
rc = E rair,j + E E mfilm,i,j + x E 7dilution,ij (2.2)
j=1 i=1 j=1 i=1 j=1
where ihc is the total combustor mass flow, tair,j is the mass flow across the dome, nfilm,i,j
is the cooling film mass flow, and rdilution,ij is the dilution air mass flow. The dome, film,
and dilution mass flows are estimated using Equations 2.3, 2.4, and 2.5, respectively,
mairj = GairjV2p 3 (P3 - P4) (2.3)
rhf ilm,i,j = Gfilm,i,j /2p3 (P3 - P4) (2.4)
7hdilution,ij = Gdilution,i,j /2P3 (P3 - P4), (2.5)
where Gair,j is the mass flow conductance across the dome, Gfilm,i,j is the mass flow con-
ductance for the film, Gdilution,i,j is the mass flow conductance for the dilution air, p3 is the
density of the compressor discharge air, P3 is the pressure of the compressor discharge air,
and P4 is the pressure of the combustor discharge flow.
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In the probabilistic analysis, the mass-flow conductances and the combustor discharge
pressure will vary. The probabilistic analysis assumes that the combustor mass flow, ri,
is the same from combustor to combustor. Furthermore, the analysis assumes that the
combustor pressure is uniform throughout a given combustor. Then, in the probabilistic
analysis, for a given set of mass-flow conductances and P3, the local film, dilution, and bulk
mass flows can be found by solving Equations 2.3, 2.4, and 2.5. This solution is readily
found using a standard circuit analogy since the combustor flow network is equivalent to a
parallel resistance network.
The nominal mass flow conductances were determined from rig test data provided by
an engine company [19]. Specifically, the mass flow data for each air admission port were
applied to estimate the corresponding nominal flow conductances using
Gnxi= 2p(P3-P4)' (2.6)
where Gno j is the nominal conductance of flow type X, rho i j is the mass flow for flow type
X, P30 is the compressor discharge pressure, and P40 is the combustor discharge pressure. The
superscript, o, indicates that the parameter value was obtained from combustor rig data.
The standard deviation of Gair,j was estimated from mass-flow tolerance limits specified by
an engine company [34]. The variability of the conductances for the film- and dilution-flows
were determined from
Gfilm,i,j j (2.7)
Gii, d,i,j
and
Gdilution,i,j = 2 (2.8)dij (2.8)
dilution,i,j
where Jd,i,j is a parameter that represents the variability of the film hole and the dilution hole
diameters. di,j is a normally-distributed random variable with unity mean and a standard
deviation based on the tolerances of the cooling holes. The mass flow conductances are
linearly related to the cooling hole areas, and, in turn, quadratically related to the cooling
hole diameters.
The fuel injector mass flow for the jth cup section, ri7fuel,j, is determined from a curve
relating the fuel flow to the injector pressure drop [34]. The fuel injector mass flow and
the air mass flow distributions yield the bulk flow equivalence ratio distribution in the
combustor, as shown in Equation 2.9,
i, = ()( et ), (2.9)
ht rhblk,i,j
where ij is the equivalence ratio for the ith cell and the jth cup section, and ft is the
stoichiometric fuel-to-air ratio.
As described in this section, the probabilistic network flow analysis has employed several
assumptions. In summary, these assumptions are:
1. The total mass flow rate is the same for all combustors. All combustors pass
the same mass flow without regard for the variability of the mass flow conductances.
Total temperature variability and total pressure variability yield mass flow variability
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Figure 2-5: Sketch of the combustor mass flow circuit. r is the total combustor mass
flow, Gfilm,i,j is the flow conductance for the film flow, Gdilution,ij is the flow conductance
for the dilution mass flow, Gair,j is the conductance for the dome flow, and f, is the mass
flow-pressure drop function.
for a choked turbine nozzle. This implies that the outlet temperature variability,
outlet total pressure variability, and the bulk mass flow variability are coupled. The
network model does not account for this effect.
2. The flow across the combustor liner is incompressible. The low pressure drop
across the liner yields low Mach Number flow. For adiabatic, low Mach number flows
without heat release due to chemical reactions, density changes are negligible.
3. The combustor pressure is uniform. A uniform combustor pressure facilitates
the application of the circuit model to estimate the combustor mass flow splits. Al-
though there are static pressure gradients inside the combustor, the magnitude of
these gradients are less than 20 percent of the overall liner pressure drop. Application
of this assumption in model yields one value of the mass flow-pressure drop function
for branches of the circuit for each combustor.
4. There is no mixing in the circumferential direction between adjacent cup
section flows. This assumption was made in order to treat each cup section inde-
pendently of the other cup sections.
5. The dilution air mixes instantaneously with the bulk flow over each panel.
The dilution air is typically injected at 90 degrees to the liner surface. The dilution jet
mixes directly with the combustion products and, ultimately, decreases the bulk gas
equivalence ratio. It is assumed that this process occurs instantaneously in the model
due to the high mixing rates promoted by elevated turbulence levels of combustor
flows.
6. The cooling film flow mixes with bulk flow in the adjacent downstream
panel. The cooling film is injected tangentially along the liner surface and is nearly-
degraded at the end of the panel. It is assumed that this cooling flow does not mix
with the adjacent combustion products. As a result, the bulk gas equivalence ratio is
unaffected by the presence of the cooling film.
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7. The fuel injector mass flow rate has a negligible impact on the combustor
flow splits. The fuel flow is approximately three percent of the overall air mass flow
for most combustor combustors.
2.3 Temperature Field Analysis
A lumped-parameter analysis is used to determine the combustion gas temperatures and the
film temperature. The combustor temperature field adjacent to each panel is divided into
three elements: the bulk gas temperature, the near-wall gas temperature, and the cooling
film temperature. An illustration of these elements is shown in Figure 2-6. A detailed
description of the lumped-parameter analysis is presented in this section.
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Figure 2-6: Sketch of a lumped-parameter model for the combustor temperature field.
The temperature field is separated into three driving temperatures and applied in a one-
dimensional heat transfer analysis. These temperatures are the bulk gas temperature, the
near-wall gas temperature, and the cooling film temperature.
2.3.1 Bulk Gas Temperature
The bulk gas temperature (Tbulk,i,j), the temperature of the mainstream flow near ith panel
and lh cup section, is computed using a response surface equation relating the bulk gas
temperature to the compressor discharge temperature (T3) and the bulk gas equivalence
ratio (cPi,j), as shown in
(2.10)
The response surface equation was created by performing a well-stirred reactor analysis at
the combustor pressure and average residence time over a range of T3 and cP and, then,
applying a regression analysis to these data. The details of the well-stirred reactor analysis
and the response surface analysis are presented below.
Well-Stirred Reactors
Well-stirred reactors (WSR) are idealized open flow systems in which the combustion prod-
ucts are perfectly mixed with the incoming reactants. The mass fractions and the tem-
peratures of the mixtures inside the reactor are the same as those at the outlet. This
homogeneity is promoted by fast, turbulent mixing levels. WSRs are used to investigate
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ignition characteristics of many open flow combustion systems [36]. For example, the turbu-
lent combustion in the recirculation zones formed by bluff bodies in diffusion and premixed
flames.
The assumptions for a steady-state, well-stirred reactor analysis are:
1. The reacting mixture is perfectly mixed inside the combustion chamber.
2. The ratio of the mixing time to the chemical ignition time is much less than one.
3. The ratio of heat losses to the enthalpy rise is small; the combustion process is adia-
batic.
4. The thermodynamic states of the combustion products at the outlet and inside the
combustion chamber are the same.
5. The pressure is uniform inside the combustion chamber.
6. The reactor is in steady-state.
Jet fuel is composed of approximately 1000 hydrocarbons and simulating the chemical
reactions of all of these species is computationally expensive. A reduced chemical kinetic
mechanism with 13 species and 20 reactions steps to determined the temperature and com-
position of the combustion products[41]. This chemical kinetic mechanism is presented in
Appendix C.
The species and energy conservation equations,
1 Wk
-(Yk -Yk,o) =- (2.11)
Tres Pbulk
1 E Yk(hk - hk,) = E , (2.12)Tres Pbulk
are solved in CHEMKIN III to determine the chemical composition and temperature of the
combustion products [17]. In Equations 2.11 and 2.12, Pbulk is the mixture density, wk is
the reaction rate of species k, Yk is the mass fraction of species of chemical species k at
the inlet, and Yk, is the mass fraction of chemical species k at the outlet, hk is the specific
enthalpy of species k at the outlet, and hk,o is the specific enthalpy of species k at the inlet,
and res is the reactor residence time. Tres is determined from
Tres = PkV (2.13)
7hbulk
where rhbulk is the mass flow rate inside the reactor, and V is the reactor volume. The
mixture density is determined from
P4Pbulk = ' (2.14)
RgasTbulk'
where Rgas is the gas constant for the combustion products, and Tbulk is the bulk gas tem-
perature of the combustion products. The specific enthalpy of species k, hk, is determined
from
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ohk = h,k + Cp,kdT, (2.15)
where h,k is the enthalpy of formation of species k, Cp,k is the specific heat at constant
pressure of species k, and To is a reference temperature. To is 298.15 degrees Kelvin.
Well-Stirred Reactor Analysis
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Figure 2-7: Application of a well-stirred reactor analysis to estimate of the bulk gas tem-
perature in the it h panel and jth cup section. The reactor inlets consist of the air admission
ports at the dome, the outer liner, and the inner liner. The reactor outlet faces the com-
bustor outlet.
A well-stirred reactor, shown in Figure 2-7, was applied to estimate the bulk gas tem-
perature for the it h panel and jth cup section as a function of the bulk equivalence ratio and
the compressor discharge air temperature. The reactor inlets consist of the air admission
ports at the dome, the outer liner, and the inner liner. The inlet temperature of the WSR
is T3. The fuel and air that cross the dome, the inner liner, and the outer liner are used to
estimate the equivalence ratio. The bulk mass flow inside the reactor is determined from
i-I i
mhbk,i,j = rair,j + rhjfilm,ij + E rdilution,ij (2.16)
1 1
The bulk gas temperature is calculated by performing a WSR calculation with the estimated
equivalence ratio and T3.
Surrogate Model
A surrogate model for the bulk gas temperature was created to decrease the computation
time during the probabilistic analysis. A well-stirred reactor analysis was performed for a
range of values for T3 and 4 while the combustor pressure and average residence time were
held constant. The data points for T3 were between 700 K and 850 K in 25 K increments,
and the & data points ranged from 0.4 to 1.8 in increments of 0.1. These data points repre-
sent the range of equivalence ratios and compressor discharge temperatures characteristic
of combustors A and B. The flame temperature estimates were fitted to a fourth-order
polynomial function of 0. The regressors of this polynomial were then fitted to fourth-order
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polynomial in T3 by performing a second regression analysis. Surrogate model for the bulk
gas temperature is
4
Tbulk = g1(T3, ) = Zan(T3)4n, (2.17)
n=O
where the regression coefficients, ai, are functions of T3. The compressor discharge temper-
ature, as shown in
T = T3 - T3 (2.18)
O'T3
is normalized by subtracting the mean value (T 3) and dividing by the standard deviation
(aT3) for a range of T3 data points. Each regression coefficient is a fourth-order polynomial
function of T3, as shown in
ao = ao,o + io,1T 3 + Cf0,2 Tg + Qo,3T3 + ao,4 T3 (2.19)
al = 1,0 + 1 1,T 3 + a1 ,2T32 + al, 3T3 + at1,4T34 (2.20)
a2 = aC2,0 + Ct2,1T3 + a 2,2T2 + a 2,3T + 0E2 ,4 T34 (2.21)
a3 = o3,0 + ot3,1T3 + a 3,2T32 + a 3,3T3 + a 3 ,4T3 (2.22)
a4 = a4,0 + C4,1T3 + c94,2T32 + a4,3 T3 + a 4,4T34 . (2.23)
A comparison of the estimation error of the bulk gas temperature surrogate model to the
CHEMKIN estimate is shown in Figure 2-8. The estimation error is less than one percent
of the CHEMKIN estimate for the range of equivalence ratios and compressor discharge
temperatures characteristic of combustors A and B. This error is less than the level of
uncertainty of using a surrogate fuel to estimate temperature of the combustion products.
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Figure 2-8: Contour plot of the estimation error of the surrogate model. The ordinate is
the compressor discharge temperature divided by a reference temperature. The abscissa
is the bulk gas equivalence ratio. The error is determined by taking difference between
the response surface estimate and the CHEMKIN estimate, dividing the difference by the
CHEMKIN estimate, and then taking the absolute value of the quotient. The nominal
equivalence ratios for combustors A and B are shown in the contour plot.
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2.3.2 Near-Wall Gas Temperature
The near-wall gas temperature (Tgas,i,j) is the temperature of the flow near the liner wall
and above the cooling film for the it h panel and jth cup section. The difference between bulk
gas temperature and the near-wall gas temperature is an indication of the radial inhomo-
geneity of the combustor temperature field. Fast mixing promoted by elevated turbulence
levels in the combustion chamber increases the homogeneity of the temperature field. A
first-principles approach that links the effects of manufacturing variability to the radial
temperature gradients could not be obtained due to the complexity of the combustor aero-
dynamics and chemistry. As a result, an empirical model was applied in the probabilistic
analysis to account for the magnitude and the variability of these radial gas temperature
gradients. The empirical model is
Tgas,i,j - = g92(i,j, Xc) = 1 -e(-¢' f ) (2.24)
Tblk,i,j -T 3 L,
where xc is the longitudinal distance from the fuel injector, Lc is the combustor length,
and 92 is a function for the radial gas temperature gradient. i,j, an empirically-determined
parameter, quantifies the impact of the complex turbulent mixing processes inside the com-
bustor on the radial gas temperature profiles near each liner panel. Higher values of (i,j
result in flatter temperature profiles than lower values. In particular, the difference between
the near-wall gas temperatures and the bulk gas temperatures decrease exponentially as the
combustor mixedness level and the distance from the front of the combustor increase. g2,
which is equal to zero at the front of the combustor, signifies that the near-wall gas temper-
ature is equal to the film cooling air temperature. The nominal value of g92 was determined
using rig data for the outlet temperature field, where the bulk temperature is defined as the
raw average of the outlet temperature measurements in each cup section, and the outlet
near-wall gas temperature is defined as the raw average of the thermocouple measurements
adjacent to the liner wall in each cup section.
2.3.3 Film Temperature
The film cooling flow impacts the liner convection heat transfer load by altering the near-
wall film temperature and velocity profiles [1]. The film effectiveness, r], models the effects
of the former. This parameter is used to calculate the cooling film temperature, Tfilm, along
the combustor liner. The film effectiveness is related to the film temperature, the near-wall
gas temperature, and the compressor discharge air temperature for the i th panel and jth
cup section by
ij = Tgas,j - Tm, (2.25)
Tgas,ij - T3
The film effectiveness parameter correlation is a function of the distance from the cooling
slot, the cooling slot height (s), and the blowing parameter (B) [1]. The film effectiveness
is applied to the degraded cooling film for one panel length for combustors A and B. The
heat flux scales with the cooling film mass flow over the liner surface [37]. The blowing
parameter, a non-dimensional measure of the mass flux of the cooling film, captures this
effect. B is defined as the ratio of the cooling film mass flux to the mass flux of the near-wall
gas flow, as shown in
32
92 VS. x/L c
0.9 I I ~ I I I I I
0.8
0.7
0.6
0.5
0.4
0.3
0.2
0.1
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
x /L
Figure 2-9: Influence of mixedness parameter on radial temperature gradients by panel. g92
is plotted vs. xLc for i,j = 2.0.
(film,i,j 
Bi,j = ,, jPF (2.26)
Ab,i,j
where rifilm,i,j is the film mass flow, As,i,j is the slot area, rmbulk,i,j is the bulk mass flow,
Ab,i, j is the combustor flow path area, and PF,i, the velocity profile factor, is the ratio of
the near-wall combustion gas flow velocity to the average combustion gas flow velocity. The
value of PFv,i are determined from the available CFD data of the combustor velocity field
[19]. The slot area (A,,i,j) is given by
As,i,j = 27rRssi,j, (2.27)
where sij is the slot height, and R,,i is the radius of the cooling slot from the combus-
tor centerline.. R,i is larger for the outer liner than for the inner liner at the ith panel.
Combining Equations 2.25, 2.26, and 2.27 yields
Tgas,i,j - Tfilm,i,j = 93(d, ij, si,j Tair,i,j) (2.28)
Tgas,i,j- T 3
which is a function of three randomly varying parameters: 6 d,i,j, si,j, and rilair,i,j.
2.3.4 Deterministic Analysis
The results of a deterministic analysis of these elements are shown in Figure 2-10. The
bulk temperatures are greater than the near-wall temperatures in the model. Furthermore,
the film temperature is lower than the bulk and near-wall gas temperatures. The difference
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between bulk gas temperature and the near-wall gas temperature decreases as the distance
from the front of the combustor increases. This simulates the increased homogeneity of the
flow along the main gas path due to turbulent mixing.
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Figure 2-10: Lumped-parameter analysis of combustor temperature field for combustors A
and B. The gas temperature normalized by the compressor discharge air temperature vs.
the panel number is plotted in this figure.
2.4 Heat Transfer Analysis
A steady, one-dimensional heat transfer analysis is performed to estimate the hot-side metal
temperature on the inner and outer liner in the ith panel and jth cup section. The model
incorporates the effects of radiation, convection, and conduction, as shown in
ci,j = hf,ij(Tfilm,i,j - Ttb,i,j) + 2(1 + Etbc)(Erad,i,jTrad,i,j4 - Orad,i,jTtbc,i,j )
j = ktb (Ttbc,i,j - Tbnd,i,j)
ttbc
J-bnd
qi,j = kd (Tbnd,i,j - Tmh,i,j)
tbnd
(2.29)
(2.30)
(2.31)
34
E
aE
._
E
"o
0z
1 Liner heat flux
T~rmalbMrierco~i~
Bond coat
Liner~etal
Figure 2-11: Sketch of a combustor liner wall.
. km (r,-. r,-.)
qi,j = t
m
.L mh,i,j - .L me,i,j
q'.. - hb .. (1', .. - T3)t,J - ,t,J me,t,J
ad' . 1', d' . 1.5ra ,t,J = ( ra ,t,J)
crad,i,j Ttbe,i,j
(2.32)
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The random inputs are the thermal conductivities and thicknesses of the TBC, bond coat,
and liner (ktbe, kbnd, km, ttbe, tbnd, tm) and the TBC surface emissivity (Etbe)' The ran-
dom output is the hot-side metal temperature (Tmh)' The effective radiation temperature
(Trad,i,j) is set equal to the bulk gas temperature (Tbulk,i,j). The liner heat flux (q) and the
TBC, bond coat, and liner temperatures (Ttbe, Tbnd, Tmh, Tme) are estimated by solving the
model equations with a Newton-Raphson method.
Several simplifying assumptions were made in order to perform the heat transfer anal-
ysis. The convection heat transfer coefficient on the hot side (h J,i,j) is determined from a
correlation for turbulent flow over a flat plate [20], and the backside heat transfer coefficient
(hb,i,j) is estimated from a correlation for thermally developing flow through a long, concen-
tric duct [21]. The combustor pressure (P4) is assumed to be spatially uniform, consistent
with the assumption made in the network flow model. It is assumed that there is a radiative
exchange between a nongray, isothermal gas and a single-surface gray enclosure located at
the mean beam length (lb) [28].
The primary zone contains soot particles that radiate thermal energy in the infrared part
of the electromagnetic spectrum [1]. These particles radiate as blackbodies. As a result,
they increase the radiative loads to the liner panel that surrounds the primary zone. The
flame luminosity factor (L) accounts for these effects by increasing the magnitude of the
combustion gas emissivity estimate. There are several correlations for the flame luminosity
factor. Most correlations relate the flame luminosity to the carbon-to-hydrogen ratio of
the fuel. Lefebvre's correlation [44], which relates the flame luminosity to the hydrogen
content of the fuel, is used in this thesis. The soot concentration decreases downstream of
the primary zone. As a result, the flame luminosity factor would decrease accordingly [43].
In order to simplify the modeling of the radiative heat transfer process inside the combustor
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while accurately estimating the radiative loads, it is assumed that the combustion gas is
luminous near panel one and nonluminous elsewhere.
2.5 Liner Life Analysis
The primary failure mode for the combustor liners studied is low-cycle fatigue (LCF) [32,
33, 34]. The cracks that form and propagate along the liner are caused by elevated liner
temperatures, temperature gradients, and thermal stresses. Combustor liners with crack
lengths exceeding specified limits are classified as failed parts. The model output is the low-
cycle fatigue life. The random input to the life model is the hot-side liner temperature, and
the deterministic inputs are compressor discharge temperature, the baseline liner stress,
the baseline liner temperature, and a parameter that accounts for the material property
variability.
An LCF life analysis was applied to each section of the combustor liner in order to
account for these effects. For a combustor with J cup sections, I panels, an inner liner,
and an outer liner, the number of liner life calculations equals 2IJ. The overall liner life for
each combustor is defined as the minimum life in a set consisting of 2IJ points. The failure
of one part of the liner constitutes an overall failure for the combustor.
2.5.1 Crack Initiation Life
The crack initiation life analysis was based on a low-fidelity model used by an engine
company [32]. The model consists of two curves: an average life curve and a minimum life
curve. The curves are sketched in Figure 2-12. The average life curve is a response surface
equation that relates the alternating strain to the number of cycles-to-crack initiation. The
minimum life curve is three standard deviations below the average life curve and accounts
for the data scatter caused by the effects of material property variability. Application of the
minimum life curve yields a conservative estimate of the crack initiation life at a specified
metal temperature.
Alternating Strain
Crack Initiation Life
Figure 2-12: Crack Initiation Life Curves
The crack initiation life (N~nit) , as predicted by the average life curve, is estimated
using
0ogloNf, , = f (Tmh,i,j, T3, ij), (2.36)
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where Tmh is the hot-side liner temperature, T3 is the compressor discharge temperature, and
& the equivalent stress. The equivalent stress, which is a function of the liner temperature,
is estimated with the scaling formula proposed by Foltz and Kenworthy [25], as shown in
&ij _ Tmh,lij - T3
base,i,j Tbase,i,j - T 3 '
The baseline liner stress (&base), and liner temperature (Tbase) for each panel were calibrated
using FLUENT and ANSYS data provided by an engine company [23].
2.5.2 Crack Propagation Life
The crack propagation life (N i j) was estimated using the following response surface equa-
tion,
logloNi, j = f2(Tmh,i,j). (2.38)
In Equation 2.38, the crack propagation life is a function of the metal temperature. This
function was formed by performing a regression analysis on data for crack growth rates as
a function of temperature for Hastelloy X [26].
2.5.3 Total Life
The total low-cycle fatigue life of the ith panel and jth cup section is determined from
Nfi,= (Nfj + Ni,j)(1 + ), (2.39)
where Nf,i,j is the low-cycle fatigue life, and I, the life curve multiplier (LCM), accounts
for the effects of the material property variability. is set to zero during a deterministic
analysis. For a probabilistic analysis, qI is represented by a normally-distributed random
variable. Its standard deviation is determined from the data scatter about the average crack
initiation life curve.
2.6 Summary
This chapter presented a simplified combustor model for estimating the metal temperature
and the liner low-cycle fatigue life. The model contains four main elements: a network
flow analysis, a lumped-parameter analysis of the combustor temperature field, a liner heat
transfer analysis, and a low-cycle fatigue life analysis. The network flow analysis linked the
mass flows across the crossing the liner to the bulk flow variability inside the liner. The
lumped-parameter analysis of the temperature field provided estimates of the three driving
temperatures: the effective radiation temperature, the near-wall gas temperature, and the
cooling film temperature. A one-dimensional heat transfer model was used to estimate
the liner temperature. Lastly, a low-cycle fatigue life model for the combustor liner was
presented.
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Chapter 3
Impact of Manufacturing
Variability on Combustor Liner
Durability
3.1 Introduction
This chapter presents a probability-based framework to quantify the impact of manufactur-
ing variability on combustor liner durability. The impact of manufacturing variability on
on the liner temperature and the liner life is estimated using a Monte Carlo analysis. Then,
the Monte Carlo data are compared with the combustor rig and field failure data provided
by an engine company. The lifing analysis was performed for two cases: I and II. In case
I, the liner life distribution was driven by the liner temperature variability only. In case II,
the effects of the material property variability were accounted for.
3.2 Manufacturing Variability
3.2.1 Random Variables
The combustor fabrication process produces variability in the part dimensions, material
properties, and radial combustion gas temperature gradients. The effects of manufacturing
variability are represented by independent, normally-distributed random variables, as shown
in Figure 3-1. These random variables are the cooling slot metering hole diameter (d),
the slot height (s), the thermal barrier coating (TBC) surface emissivity (tbc), the TBC
thickness (ttbc), the liner thickness (tm), the bond coat thickness (tbnd), the TBC thermal
conductivity (ktbc), the liner thermal conductivity (kin), the bond coat thermal conductivity
(kbnd), the dome air flow rate (Gair), the fuel injector flow rate (hfuel), the combustor
mixedness parameter (), and the life curve multiplier (LCM) (). These parameters, with
the exception of I, are normalized by their mean values.
3.2.2 Nested Classes of Variability
The random variables are separated into two classes of variability: the cup-to-cup class
(Class I) and the combustor-to-combustor class (Class II). Class I parameters exhibit vari-
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Figure 3-1: Random variables
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ability from cup section to cup section within each combustor. Class II parameters pre-
dominately vary from combustor to combustor.
Class I: Cup-to-Cup Random Variables
Annular combustors consist of J air admission ports and fuel injectors at the front section
of the combustor, or the dome. The flow characteristics of each port and fuel injector differ
due to the variability of the part dimensions. As a result, the dome air flow and the fuel
flow vary from cup to cup. The network flow model accounts for these effects.
The mean value of the dome air flow conductance was based on the nominal mass flow
across the dome. The standard deviation of the dome air flow conductance determined from
the flow tolerances of the air swirlers [34].
The mean and standard deviation of the fuel flow was determined from a nominal mass
flow-pressure drop curve and its upper and lower 95-percent confidence bounds, as shown
in Figure 3-2. These confidence bounds were based on fuel injector flow test limits specified
by an engine company [34]. The mean fuel flow was set equal to the nominal fuel flow.
The standard deviation is equal to one-half of the difference between the upper and lower
95-percent bounds on the fuel flow.
Fuel Injector Flow Curve with 95 Percent Confidence Bounds
2.51 I 1 I
2
E 1.5
a
0
.6
.E 1
z
0.5
U.0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8
Non-dimensional fuel injector pressure drop
Figure 3-2: Fuel injector flow curve: mass flow vs. pressure drop
The combustor mixedness parameter accounts for the cup-to-cup variability of the ra-
dial gas temperature gradients within the combustor and the impact of these variations on
the near-wall gas temperatures. The mean value and standard deviation of the mixedness
parameter were determined from a statistical analysis of combustor outlet temper-
ature data obtained from a rig test [34, 23]. These outlet temperatures were measured with
a rake consisting of five thermocouples that traversed the combustor exit plane in 3.6 degree
increments, yielding 500 data points. The combustor annulus was divided into J regions
corresponding with the J cup sections. The outlet near-wall gas temperatures for the inner
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and outer liners were averageed within each cup section. The bulk gas temperature in each
cup section was determined from a raw average, yielding a cup-to-cup distribution of g2.
The standard deviation of ( was calibrated such that the probabilistic estimate of the g92
standard deviation was equivalent to the statistical estimate obtained from the rig data.
Class II: Combustor-to-Combustor Random Variables
The combustor fabrication process produces cup-to-cup variability that is several orders of
magnitude less than combustor-to-combustor variability [34]. Thus, these parameters were
classified as Class II variables.
The film and dilution cooling holes were made using Electron Discharge Machine (EDM)
drills. The EDM configuration minimized the variability of the hole dimensions on each
combustor to several orders of magnitude less than the combustor-to-combustor variability.
The variability of these holes is represented by ad, which varies all of the cooling holes from
combustor to combustor during the probabilistic analysis. By updating the diameters of the
film cooling holes and the dilution holes simultaneously, it is assumed that the variabilities
of these hole sizes are perfectly correlated.
The nominal cooling slot height and its standard deviation were based on combustor
design specifications. The slot was cut while the liner was being machined. Variability is in-
troduced due to the process of setting up the combustor in the EDM. Thus, the predominant
combustor-to-combustor variation of the slot height places it in Class II.
The material that comprised the TBC was approximately homogenous for each combus-
tor. However, there are differences in this material from combustor to combustor. These
differences yield combustor-to-combustor variations in the surface emissivity of the TBC.
Similarly, the TBC thermal conductivity varies from combustor to combustor due to this
effect. The nominal values of the TBC emissivity and its thermal conductivity were set
to the design value. The standard deviations of these parameters were derived from their
manufacturing tolerances.
The TBC and the bond coat were sprayed onto the combustor as it was turning circum-
ferentially [34]. The spray process introduces combustor-to-combustor variability about the
target TBC and bond coat thicknesses.
Combustor liners are typically comprised of Nickel-based alloys, such as Hastelloy-X
and Nimonic 75 [1]. The liner thickness and its thermal conductivity exhibit variability
from combustor to combustor. Similar to the cooling slot, the main source of the liner
thickness variability can be attributed to the error in the orientation of the combustor
during the machining process. The variation of the liner material among the combustors
yields combustor-to-combustor variability of its thermal conductivity.
The effects of the material property variability on the low-cycle fatigue life is quantified
by the life curve multiplier (). The material property variability is caused by the variabil-
ity of the defect population in the liner material [30]. The manufacturing processes that
produce combustor-to-combustor variability in the thermal conductivity of the metal also
produce variability in its material properties. As a result, the LCM is classified as a Class
II parameter [31]. The standard deviation of the crack initiation life is estimated by taking
the difference between the average life and the minimum life then dividing the result by
three. Dividing this quantity by the average life yields the coefficient of variation for the
crack initiation life and is equal to the standard deviation of i.
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3.2.3 Hierarchical Analysis
A hierarchical analysis is used to account for these nested classes of variability for M
combustors with J cup sections, as shown in Figure 3-3. First, each simulated combustor is
assigned J fuel injectors and air admission ports at the front end. This configuration yields a
distribution of fuel and air flow around the combustor annulus. Second, each combustor-to-
combustor parameter has a value that is randomly sampled from its probability distribution.
Third, these parameters are used to estimate the combustor liner temperatures and life using
the combustor model. Finally, this process is repeated for the next M- 1 combustors to
yield a liner life distribution for M combustors. These steps are integrated with a Monte
Carlo analysis.
Figure 3-3: Hierarchical analysis for 'M' combustors and 'J' cup sections at sea-level, hot-
day, take-off operating condition.
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3.3 Model Assessment
A Monte Carlo analysis was applied to the simplified models of combustors A and B, and the
results were compared with a statistical analysis of the bulk gas temperature distribution at
the combustor outlet, the liner wall temperature measurements, and the field failure data
provided by an engine company [32].
3.3.1 Combustor Outlet Bulk Gas Temperatures
A comparative analysis of the bulk temperature variability at the combustor outlet was
performed to assess the network flow model. Specifically, probabilistic estimates of the
coefficient of variation of the combustor temperature rise (T4 - T3) for combustors A and B
was compared with statistical estimates of the bulk temperature variability obtained from
combustor rig tests. For each combustor, the probabilistic estimate was calculated from
a 1,000-trial Monte Carlo simulation, where the coefficient of variation of the combustor
temperature rise was determined for each trial.
The assessment was made with the rig data referred to in Section 3.2.2. The description
of the data is restated here. A rake with five thermocouples traversed the combustor exit
plane in 3.6 degree increments, yielding 500 data points. The combustor annulus was divided
into J regions corresponding with the J cup sections. The data points in each cup section
were averaged to compute the outlet bulk gas temperature for each cup section, and this
analysis yielded J outlet bulk temperatures. Then, the coefficient of variation of the J bulk
temperatures at the outlet were determined.
The outlet bulk temperature variabilities determined from the rig data are within the
2.5- and 97.5-percentile values of the probabilistic estimates for combustors A and B, as
shown in Figures 3-4 and 3-5. These results show that the probabilistic estimates of
the bulk temperature variability of the outlet are consistent with the statistical estimates
from the combustor rig data, which validates the application of the network flow model for
determining the cup-to-cup bulk gas temperature variability.
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Combustor Outlet Bulk Temperature Variability (Combustor A)
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Figure 3-4: Combustor A outlet bulk temperature variability
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Figure 3-5: Combustor B outlet bulk temperature variability
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3.3.2 Combustor Liner Temperatures
The probabilistic estimates of the combustor liner temperatures determined from 1,000-trial
Monte Carlo simulations were compared with wall temperature measurements acquired from
separate rig tests for combustors A and B. However, the lack of available data the makes the
comparison of the probabilistic estimates to the liner temperature data more problematic
than the outlet bulk temperature comparison.
Combustor A
Liner wall temperature measurements for combustor A were acquired from a rig test. The
thermocouples were placed on hot spots, or elevated-temperature areas, that were previously
identified using thermal paint [19]. In particular, the hot spots were located in four to
eight separate cup sections for panels one through four. The inner and outer liner wall
temperature measurements for each panel were lumped together prior to the statistical
analysis due to the small amount of available data. These measurements were averaged
within cup section in order to yield a single temperature. The mean and standard deviation
of the temperature difference between the thermocouple measurements and a reference
temperature (Th) for each combustor A panel were computed and then compared to the
probabilistic model estimates, as shown in Figure 3-6. The probabilistic estimates of the
mean and standard deviation of the liner temperatures for panels one, two, and four fall
outside of the 95 percent confidence bounds of the thermocouple data. The mean liner
temperature estimate falls within these confidence bounds for the panel three data. The
estimate of the liner temperature standard deviation is approximately 1 to 2 degrees K
less than the lower confidence bound on the standard deviation of the thermocouple data
for panels one and two. For panel three, the model estimate of the standard deviation is
approximately 12 degrees K less than the lower confidence bound on the estimate from the
thermocouple data. The model estimate of the standard deviation falls within the confidence
bounds of the thermocouple data. Overall, the probabilistic model underestimates the
cup-to-cup liner temperature variability compared to the variability estimated from the
thermocouple data.
Combustor B
There was little available data on the liner temperatures for combustor B. Specifically, the
thermocouple measurements of the inner and outer liner temperatures were acquired from
a single cup section [23]. Two thermocouples were placed in panels one, three, and four,
and one thermocouple was placed in panel two. As a result, a direct comparison of the
model estimate of the cup-to-cup liner temperature variability and the statistical estimate
from the thermocouple data could therefore not made. The probabilistic estimates of the
mean combustor B liner temperatures and the corresponding 95-percent confidence bounds
were compared with the thermocouple data, as shown in Figure 3-7. For the outer liner, the
probabilistic estimate of the mean liner temperatures deviate from the thermocouple data
by approximately 50 to 160 degrees K for panels one through four. For the inner liner, the
probabilistic estimate is within 10 degrees K of the thermocouple data for panels two and
three. In addition, the probabilistic estimate exceeds the estimate from the thermocouple
data by approximately 60 to 120 degrees K for panels one and four.
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3.3.3 Discussion
The rig data do not represent perfect estimates of the liner temperature variability. These
liner data were not collected for the purpose of assessing this model, but rather were data
that happened to be available from prior testing of the combustor. They do not present
an ideal data set. For a statistical analysis, the thermocouples in each cup section should
have been assigned to coordinates that were fixed relative to each fuel injector to mitigate
the influence of circumferential and longitudinal metal temperature gradients on the wall
temperature measurements. The paucity of data resulted in the inner and outer liner
temperatures measurements being lumped into the same data set prior to the statistical
analysis of combustor A. In addition, the thermocouples were placed in a single cup section
over four panels for combustor B. As a result, a comparison of the probabilistic estimate
of the cup-to-cup wall temperature variability to a statistical analysis of the data was not
performed.
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3.3.4 Combustor Liner Life
The probabilistic estimates of the liner life distributions for combustors A and B are pre-
sented in this section. 10,000-trial Monte Carlo analyses were performed for two cases: I
and II. In case I, the liner life variability was caused by the liner temperature variations
estimated by the model. In case II, the effects of the material property variability were ac-
counted for. These analyses were performed separately to quantify the impact of the liner
variability and the material property variability on the combustor liner life distribution.
The minimum (B1) combustor life and the typical (B 50) combustor life were estimated in
both cases. The B 1 life and the B 50 life are defined as the number of cycles until one percent
and 50 percent of the combustors fail, respectively.
Case I: Impact of Aerothermal Variability on Combustor Liner Life
The impact of aerothermal variations due to known sources of manufacturing variability is
to increase the likelihood that combustors designed to the nominally calculated life will fail
earlier than predicted using deterministic methods. The difference between life distribution
and the nominal life divided by the nominal life is shown in Figure 3-8, and the life distri-
bution divided by the nominal life is shown in a Weibull scale in Figure 3-9. In Figure 3-8,
a value of zero indicates that the typical liner life is equal to the nominal life. This figure
shows that the typical liner life is approximately 22 percent less than the nominal life. Fur-
thermore, the probability that a randomly selected combustor will have a life that is less
than the nominal life is approximately 99 percent. The life distribution is not linear on the
Weibull scale, as shown in Figure 3-9. The curvature in the plot indicates that the CDF is
not consistent with a Weibull distribution.
The impact of aerothermal variability on the combustor B liner life is shown in Figures 3-
10 and 3-11. The results are similar to combustor A showing that the typical life is 17
percent less than the nominal life, and that 99 percent of all liners will have a life less
than the nominal. Furthermore, the combustor B life distribution is not consistent with a
Weibull distribution.
The mean shift occurs because the combustor liner life is the lowest life for all sections of
the liner. Liner temperature variability within each combustors yields a liner temperature
distribution with finite variance. As a result of these conditions, the life distribution for
a fleet of combustors is driven by the lower tail of the liner life distribution with each
combustor. Increased aerothermal variability decreases the values in the lower tail of the
life distribution within each combustor. Therefore, the median value of the combustor life
distribution for the fleet must also decrease.
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Case II: Impact of Material Property Variability on Combustor Liner Life
Figures 3-12 and 3-13 show the probability density function and the cumulative distribution
function for the life distribution when the material property variations are accounted for in
the probabilistic analysis. The cumulative distribution functions for combustors A and B
are consistent with a Weibull distribution. For combustor A, the typical life is 20 percent
less than the nominal life, and the probability that a particular combustor will fail earlier
than predicted using a deterministic calculation is 80 percent. For combustor B, typical life
is approximately 20 percent less than the nominal life, and the probability that any given
combustor will fail earlier than predicted using a deterministic analysis is approximately 80
percent. Incorporating the material property variability into the probabilistic analysis does
not impact of the typical life.
The variability of the life distribution is greater in Case II than in Case I. Specifically, the
combustor A minimum life decreases by 48 percent of the Case I value, and the combustor
B minimum life decreases by 51 percent of the Case I value when the material property
variability is included. The impact of the material property variability on the combustor
liner durability is noteworthy because the maintenance schedules of the part is based on the
minimum life. As such, reducing the magnitude of the material property variability would
increase the minimum combustor life.
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Comparison to Field Data
Table 3.1 presents a comparison of the parameters determined from a Weibull analysis of
the combustor B field data and from the probabilistic analysis. These parameters are the
coefficient of variation of the life distribution (VNf) and the Weibull distribution shape
parameter (). The probabilistic model estimate of the coefficient of variation is 20 percent
and 100 percent of the field data values for cases I and II, respectively. Furthermore, the
shape parameter, another measure of the variability of a Weibull distribution, is 96 percent
of the field data value. Thus, incorporating the effects of the material property variability
into the fifing analysis yields an accurate estimate of the variability in the combustor B field
failure data.
Table 3.1: Comparative Analysis of Combustor B Life
Parameter Case I Case II
VNf 0.20 1.00
,8 - 0.96
3.4 Conclusions
This chapter presented a probability-based framework for quantifying the impact of man-
ufacturing variability on combustor outlet temperature, liner temperature, and liner life.
The probabilistic analysis showed that the typical combustor life and the variability of the
combustor liner life were functions of the liner temperature variability and the material
property variability, respectively. The liner temperature estimates from the model were
applied to a low-cycle fatigue life analysis, which yielded combustor life distributions for
both combustors. Two cases were run. The first case did not account for the effects of
the material property variability, and the probabilistic estimate of the typical lives were
approximately 19 and 17 percent less than the nominal life estimate for combustors A and
B, respectively. In second case, the effects of the material property variability were in-
cluded, and the probabilistic estimate of the typical lives were approximately 22 and 17
percent less than the nominal lives for combustors A and B, respectively. Furthermore,
the probabilistic estimate of the combustor B life yielded a coefficient of variation that was
approximately 20 percent and 100 percent of the field data values for cases I and II. Thus,
the probabilistic model underestimates the variability present in the field failure data when
the material property variability is not included and accurately approximates the variabil-
ity these effects are incorporated. Finally, a comparative analysis showed that the material
property variations accounted for 80 percent of the combustor B life variability while the
liner temperature variability only accounts for 20 percent of the combustor B life variability.
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Chapter 4
Sensitivity Analysis
4.1 Introduction
This chapter presents a methodology for determining the leading drivers of the combustor
liner life. A regression analysis is applied to the Monte Carlo data in order to establish a
simplified representation of the relationship between the combustor liner life in each cup
section and the random variables introduced in Chapter 3. This surrogate model is sub-
sequently used to identify the leading drivers of the liner life. Specifically, the impact of
increasing and decreasing the manufacturing tolerances on the combustor liner life distri-
bution is quantified. Applying a surrogate model for the life enables an execution of several
sensitivity studies at a lower computational expense than directly applying the combustor
model.
4.2 Response Surface Analysis
A quadratic response surface equation is
N N
Y=ao + bn.. n+ cn (4.1)
n=l n=l
where Y is the response, n is nth random input, and N is the number of random inputs.
The regression coefficients, ao, bn, and cn, are solved in a least squares sense. The response
surface is fitted to M data points and is written in matrix form in order to solve for the
regression coefficients in
Y = ,B + E, (4.2)
where Y is response, X is the matrix of the levels of the regressor variables, /3 is the vector
of regression coefficients, and is the vector of random errors [35]. The elements of these
parameters are shown in the following equations
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The least squares estimators of Equation 4.2 are determined by minimizing the following
equations [35]:
n
L = E ej = ETE
j=l
(4.7)
and
L = yTy - 2$TXTY + pTXTX M. (4.8)
Taking the partial derivative of L with respect to P and setting the result equal to zero
yields
OL -2XTY + 2XTx = 0.
Rearranging terms yields a compact form of the normal equations
XT = = xTy,
(4.9)
(4.10)
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(4.3)
N,1
N,2
· " ,2
(4.4)
(4.6)
where is the least squares solution.
4.2.1 Application to Monte Carlo Data
The response surface analysis is applied to the Monte Carlo data. The first step is to
separate the liner life data by cup section. Second, a regression analysis is applied to the
life distribution of the jth cup section, input parameters 1 to 12 for the jth cup section. The
data are fitted to a quadratic, multi-variate response surface equation
12 12
Yj = ao,j + E b,, + E C,j2j, (4.11)
n=l n=l
where Yj, the standardized random variate for the natural logarithm of liner life for the jth
cup section, is determined from
Yj = In(Nfj), (4.12)
and Xnj, the nth standardized random input in the jth cup section, is determined from
Xn,j =,j -n (4.13)
Third, the adequacy of the response surface fit is checked. These response surface
equations capture most of the variability exhibited in the Monte Carlo data. The coefficient
of multiple determination quantifies the proportion of variability explained by the response
surface equation. It is approximately 97 percent and 93 percent for the combustor A and B
response surfaces, respectively. Furthermore, the percent errors of the standard deviation
estimated by the response surfaces are 2 and 4 percent for combustors A and B, respectively.
Each regression coefficient exhibits cup-to-cup variability. This source of this variability
is sampling error. The variability of the coefficients implies that the cup sections will yield
different nominal values of liner life for the same inputs. Ideally, the nominal cup section
lives would be identical for the same inputs.
There are two ways to mitigate the effects of sampling error. The first approach consists
of increasing of the number of trials run in the Monte Carlo analysis. However, the slow
convergence of the Monte Carlo simulation increases the computational expense of this
option. An alternative approach is to define the response surface based on cup-average
regressors. In other words, each regression coefficient was averaged over J cups. The
averaged coefficients are determined from
ao = J ao,j (4.14)
j=1
bn-J Zbn,j (4.15)
j=1
c" = JZCnj. (4.16)
a1
The averaging procedure yields
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12 12
In(Nf,j) = do + E bnxn,j + E 2, (4.17)
n=1 n=l1
a response surface for the life that uniformly responds to perturbations of the inputs. The
liner life of the jth cup section is estimated using
12 12
Nf,j = exp (ado + E bnnj + Z cn,j)(1 + I), (4.18)
n=l n=l
where TI' incorporates the effects of the material property variability. Equation 4.18, which
determines the life distribution of the jth cup section for M combustors, is then post-
processed to yield the total combustor life distribution.
4.3 Impact of Tightening Manufacturing Tolerances
A one-at-time (OAT) sensitivity analysis was applied to the response surfaces to quantify the
impact of changing the input variations on the life distribution. The standard deviation of
each random variable was reduced by a pre-determined amount while holding the remaining
parameter standard deviations constant. Next, a Monte Carlo analysis consisting of 50,000
trials was performed with the updated standard deviations of these parameters. Then, the
combustor life was computed by taking the minimum value of the response surfaces over J
cups for each combustor. The B 1 and B 50 lives of M combustors were estimated for each
case. These estimates were compared with the Monte Carlo results presented in Chapter
3. The B 1 and the B 50 lives were normalized by the nominal life and presented on bar
graphs. Two cases were run for each combustor, as shown in Table 4.1. The input standard
deviations were decreased by 90 and 50 percent for cases one and two, respectively.
Table 4.1: Sensitivity Analysis: Tightening Tolerances
Case Percent Decrease
1 90
2 50
4.3.1 Case 1: 90-percent tolerance reduction
Combustor A
Decreasing the input standard deviations in a one-at-a-time fashion by 90 percent increases
the B 1 and the B 50 lives, as shown in Figures 4-1 and 4-2. Specifically, the combustor A B1
life increases by approximately 33 percent of the nominal life when the standard deviation
of is reduced by 90 percent. The B 1 life increases by less than 3 percent of the nominal
life when the standard deviations of parameters 1 through 12 are reduced by 90 percent.
Futhermore, the combustor A B 50 life increases by approximately 6 percent of the nominal
life when the standard deviation of ( is reduced by 90 percent. Reducing the variability
of I by 90 percent changes the B 50 life by less than one percent of the nominal life. The
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results show that 'I and are the leading drivers of the B1 life and B 50 life, respectively,
for combustor A.
Combustor B
Figures 4-3 and 4-4 show decreasing the variability of qI by 90 percent yields a B1 life
increase of approximately 25 percent of the nominal life and a B 50 life increase of approxi-
mately one percent of the nominal life for combustor B. Also, decreasing the variability of
( by 90 percent increases the combustor B B1 life and B 50 life by approximately 7 percent
and 17 percent of the nominal life, respectively. The results show that I and are the
leading drivers of the B1 life and B 50 life, respectively, for combustor B.
4.3.2 Case 2: 10-percent tolerance reduction
Combustors A
The standard deviations of the inputs were reduced by 10 percent of the original values
in Case 2. Figure 4-5 shows that the combustor A B 1 life increases by approximately 5
percent of the nominal life when the standard deviation of 'I is reduced by 10 percent and
that reducing the standard deviations of parameters 1 to 11 yielded B 1 life increases of less
than one percent. Figure 4-6 shows that the B 50 increases by less than one percent of the
nominal life when the standard deviations of all of the random variables are increased in an
OAT fashion.
Combustor B
The combustor B B1 and B 50 life increases were negligible compared to the nominal life
when the variabilities of parameters 1 to 11 were decreased by 10 percent, as shown in
Figures 4-7 and 4-8. The B50 life increases by approximately 3 percent when the standard
deviation of TI' is decreased by 10 percent, and the B1 life increases by approximately 3
percent when the standard deviation of ( is decreased by 10 percent.
Discussion: Cases 1 and 2
The sensitivity analysis shows that the leading drivers of the minimum combustor life and
the typical combustor life are the material property variability and the combustor mixedness
variability, respectively. A robust design that improves combustor liner durability would
consist of a liner material with less material property variability than currently used on
combustors A and B. Furthermore, a combustor configuration that increases the consistency
of the combustor mixedness levels from cup to cup would decreases the liner temperature
variability, and, in turn, would increases the typical combustor life.
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Figure 4-2: Combustor A: B 50 life change for 90 percent tolerance decrease.
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Figure 4-4: Combustor B: B 50 life change for 90 percent tolerance decrease.
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Figure 4-5: Combustor A: B 1 life change for 10 percent tolerance decrease.
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Figure 4-6: Combustor A: B 50 life change for 10 percent tolerance decrease.
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Figure 4-8: Combustor B: B50 life change for 10 percent tolerance decrease.
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4.4 Impact of Opening Manufacturing Tolerances
An OAT sensitivity analysis was also conducted in order to quantify the impact of increasing
the input parameter variations on the life distribution. Increasing the input parameter
variability simulates the effects of loosening the manufacturing tolerances of each parameter.
These actions will decrease the minimum and typical lives of the fleet. One case were run
for each combustor, where the input standard deviations were increased by 10 percent of
their original values.
Increasing the standard deviation of the parameters 1 to 12 by 10 percent in an OAT
fashion decreases the minimum and typical liner lives of combustors A and B by less than
two percent, as shown in Figures 4-9, 4-10, 4-11, and 4-11. The minimum life decreases
by approximately 4 and 3 percent for combustors A and B, respectively, when the mate-
rial property variability is decreased by 10 percent. Furthermore, increasing the material
property variability has a negligible impact on the typical combustor life relative to the
nominal. These results imply that loosening the manufacturing tolerances by 10 percent
will not adversely impact the durability of the liner while improving the affordability of the
part.
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4.5 Conclusions
The sensitivity analyses show that the leading drivers of the minimum combustor life and
the typical combustor life are the material property variability and the combustor mixedness
variability, respectively. A robust design that improves combustor liner durability would
consist of a liner material with less material property variability than currently used on com-
bustors A and B. Furthermore, a combustor configuration that increases the consistency
of the combustor mixedness levels from cup to cup would decreases the liner temperature
variability, and, in turn, would increase the typical combustor life. Increasing the man-
ufacturing tolerances may improve the affordability of the combustor while satisfying the
durability requirements. The results show that the life distributions of combustors A and B
are insensitive to 10-percent tolerance increases of parameters 1 to 11. Increasing the man-
ufacturing tolerances of parameters 1 to 10 may improve the affordability of the combustor
while satisfying the durability requirements.
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Chapter 5
Summary and Recommendations
5.1 Summary
This thesis has presented probabilistic and statistical techniques used to assess the impact
of manufacturing variability on combustor liner durability.
* A probabilistic modeling framework that links the manufacturing variability of the
liner, the fuel flow variability, and the dome air flow variability to the combustor liner
temperature and combustor liner low-cycle fatigue life was presented. The effects of
manufacturing variability were represented by 13 independent, normally-distributed
random variables. A simplified combustor model, which consisted of a network flow
analysis, a well-stirred reactor analysis, a lumped-parameter analysis of the combustor
temperature field, a one-dimensional heat transfer analysis, and a low-cycle fatigue
life analysis, was developed. The model was applied to two combustors used on
commercial aircraft engines: A and B.
* The probabilistic assessment of the impact of fuel flow variability and air swirler flow
variability on the outlet bulk gas temperature was conducted. The results showed that
the probabilistic estimate of the outlet bulk gas temperature variability was consistent
with rig test data provided by an engine company.
* The probabilistic model was used to assess the impact of manufacturing variability
on the liner life distribution. A probabilistic analysis showed that a randomly se-
lected combustor designed to the life predicted using deterministic methods may fail
earlier than expected, and that the typical combustor life is 20 percent less than the
nominal life for combustors A and B. Furthermore, the probabilistic estimate of the
life distribution variability for combustor B was consistent with the variability in the
field failure data. The material property variability accounted for 80 percent of the
variability exhibited in the field failure data of combustor B.
* A sensitivity analysis showed that the material property variability and the combus-
tor mixedness parameter were the leading drivers of the minimum combustor life and
the typical combustor life, respectively. Moreover, opening the manufacturing toler-
ances by 10 percent by improve the affordability of the part while not impacting the
combustor life.
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5.2 Recommendations for Future Work
There are several opportunities for future work in the area of probabilistic analysis and
design for gas turbine combustors. These areas include quantifying the impact of operational
variability on combustor life, estimating the impact of manufacturing variability on hot
streak migration, developing a physics-based model of the combustor mixedness levels, and
applying a probability-based optimization of the combustion system. This section briefly
describes these research opportunities.
5.2.1 Analytical Modeling of the Combustor Mixedness
The mechanisms that produce the cup-to-cup variability of the combustor mixedness should
be identified. A possible source is the variability of the air flow swirler orientation at the
front of the combustor [34]. Furthermore, the fuel injectors may be biased towards either the
inner or outer liners. These biases are introduced during the combustor assembly process
and lead to the variability of the fuel and air concentrations. This variability is manifested
as the near-wall gas temperature variability referred to in this thesis.
5.2.2 Impact of Operational Variability on Combustor Liner Durability
The impact of operational variability on combustor liner durability was not accounted for
in this thesis. Incorporating operability effects into the probabilistic analysis first requires a
statistical model of the ambient temperature conditions for one or more fleets. These data
would be incorporated into the block analysis presented in Chapter 3. Furthermore, the
probabilistic analysis should be performed at several operating points. The analysis pre-
sented in this thesis, which is based on a hot-day, sea-level take-off operating point, provides
a conservative estimate of the typical life. Thus, the likely effects of performing the prob-
abilistic analysis at several operating points would be to increase the typical life estimate
compared with the results presented in this thesis. Lastly, an assessment of the relative
impact of the operational variability and the manufacturing variability on the combustor
liner life should also be made.
5.2.3 Impact of Manufacturing Variability on Hot-Streak Migration
Hot streak migration through the combustor negatively impacts turbine durability [37].
These hot streaks chemically react in the turbine. They alter the heat transfer boundary
conditions, increase the turbine blade temperatures, and decrease the blade oxidation life.
A probabilistic analysis of the combustor chemical composition and temperature field would
quantify the impact fuel flow variability and the inconsistency of the combustor mixedness
on the migration of these fuel-rich streaks.
5.2.4 Probability-Based Combustion System Optimization
A probability-based optimization of the combustion system should be performed to assess
whether a more robust configuration than current products can be attained. The optimiza-
tion would be constrained by operability, durability, emissions, performance, weight, and
affordability requirements while accounting for the effects of operational and manufacturing
variability. The optimization would be applied to low-fidelity models that link the effects
of operational and manufacturing variability to these design objectives.
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5.2.5 Study of Material Property Variability versus Measurement Error
Future combustor durability studies should address the variability exhibited about the crack
initiation life curve. The relative impact of material property variations and measurements
error on the crack initiation life data has not been quantified. Incorporating both of these
effects into the probabilistic analysis yielded a life distribution that was consistent with the
combustor B field data. Directly modeling the effects of the material property variations is
necessary in order to improve the precision of the combustor liner life estimate.
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Appendix A
Crack Initiation Life Modeling
The life model presented in Chapter 2 consisted of a proprietary curve for the crack initiation
life of Hastelloy-X. However, a more general model is needed if this curve is not available.
This appendix presents an alternative approach for deterministically estimating the crack
initiation life at a specified metal temperature.
A.1 Universal Slopes Method
The most widely used equation for estimating the number of cycles to crack initiation is
shown in
AEtotal = 3.5 nit 2 1+ DO.6Nnit-0.6. (A.1)E f f
It is commonly referred to as the Universal Slopes Method [49]. Aetotal is the total strain
range. ault is the ultimate tensile stress. E is the Young's Modulus. N is the number of
cycles to crack initiation. D is the true fracture ductility. The total strain range is related
to the alternating strain range, Aealt, via Equation A.2.
1
AEalt = AEtotal (A.2)2
The alternating strain is a function of the metal temperature, as shown in Equation A.3.
In this equation, Tmh is the hot side metal temperature, T 001 is the film cooling air temper-
ature, and a is the coefficient of thermal expansion. The metal temperature and the film
cooling air temperature have units of degrees Fahrenheit.
Acalt = Q(Tmh - Tcool) (A.3)
The Young's Modulus, the ultimate tensile stress, and the true fracture ductility are also
functions of the metal temperature. Data for the Young's Modulus and the ultimate tensile
stress parameters were found in the 2003 Department of Defense Handbook [48]. The true
fracture ductility curve was derived from elongation data found on the High Temp Metals,
Inc. website [50]. Regression analyses were applied to these data in order to create response
surfaces for these parameters. They are presented in the remaining parts of this appendix.
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A.2 Young's Modulus
A response surface equation for the Young's Modulus is shown in
6
E = 29.8(107) E PkTk h .
k=O
The regressors of this equation are given by
1p o 0.8805
l1 -0.1052
12 -0.0141
/33 = -0.0012
04 -0.0046
P5 0.0011
136 0.0012
(A.4)
(A.5)
The Young's Modulus has units of ksi. The metal temperature for this equation is scaled
according to
Tmh = Tmh - 903.1053557.6288
(A.6)
A.3 Coefficient of Thermal Expansion
A response surface for the coefficient of thermal expansion is shown in
6
= EkTmh
k=O
(A.7)
Its regressors are given by
/ 1o
1
132
133
134
135
136
37 I
/ 8.3785
0.4727
-0.0318
0.0175
-0.0096
-0.0096
-0.0016
0.0107 /
(A.8)
Furthermore, the metal temperature is scaled according to Equation A.9. The coefficient
of thermal expansion has units of inverse degrees Fahrenheit.
Tmh - 900
447.2136 (A.9)
A.4 Ultimate Tensile Stress
A response surface for the ultimate tensile stress is shown in Equation A.10.
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F
l
\i j r
6oult = E kTmh (A.10)
k=O
Equation A.11 contains its regressors.
/3o 0.8009
/1 -0.3470
/2 -0.2962
/33 = -0.0144 (A.11)
04 0.1358
/35 0.0139
/6 -0.0249
The metal temperature is scaled according to
Wmh- Tmh - 1002.8 (A.12)
615.8456 (A.12)
where the ultimate tensile stress has units of ksi.
A.5 Ductility
The ductility (D) is related to the elongation () by
D = n(1 + ). (A.13)
The elongation is given as a function of temperature in [50]. The ductility was then esti-
mated as a function of the metal temperature. Finally, a regression analysis was applied to
the ductility data over a range of metal temperatures to yield
4
D = pkTmh, (A.14)
k=O
where the regressor values are shown in
Po 1.6055
i1 8.4255(10- 4)
/32 = -2.1506(10-6) . (A.15)
] 3 1.7619(10- 9)
4 4.5058(10 - 1 3 )
A.6 Solution Procedure
Estimating the crack initiation life using this system of equations consists of a few steps.
First, the user specifies the metal temperature. Then, the material properties are esti-
mated using the response surfaces. In addition, the total strain range is determined using
Equation A.3. Finally, Equation A.1 may be solved for the crack initiation life with a
Newton-Raphson Method.
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A.7 Crack Initiation Life Curve
The crack initiation life, as predicted by the Universal Slopes Method, is plotted against
the metal temperature in Figure A-1. This figure shows that the crack initiation life is a
strong function of the metal temperature. In particular, the crack initiation life decreases
with increased metal temperature.
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Appendix B
Crack Propagation Life Modeling
This appendix presents mathematical models for directly estimating the crack propagation
life of Hastelloy-X. These models were used as part of the liner life analysis presented in
Section 2.5.
B.1 Constant Temperature Crack Growth
Paris' Law, which is a model that quantifies the crack growth rate at specified temperature
and stress states, is given by [29]
da
da = C1 /XKC2, (B.1)dNf:
where a is the crack length. N is the crack propagation life. AK is the stress intensity
factor. C1 and C2 are the constant at for a specified metal temperature. The stress intensity
factor is estimating using Equation B.2
AK = vm /;Y, (B.2)
where a,,m is the equivalent stress and Y is a numerical correction factor.Y is a function of
the of the crack size and the specimen width, W, as shown in Equation B.3 [26].
Y = 1 (1.986 + 1.782(W) + 6.998(W)2- 21.505(W)3 + 43 351()4 (B.3)
VIF W W ' W
The low-cycle fatigue life of a combustor is reached when one of two conditions are met.
Condition I occurs when the crack size exceeds a maximum allowable length. The crack
propagation life is analytically estimated using Equation B.4.
P [final da
=f (B.4)N afinitial C1 AKC2 (B.4)
The integration occurs between a starting crack size and the maximum allowable crack
length. The initial crack size may defined as the "smallest crack of engineering significance"
[52]. Manson stated that this crack size is approximately 0.003 inches. This estimate is
based on the application of ultrasonic techniques to detect cracks of this size. The maximum
crack size is set by the part specifications.
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Condition II, also known as the fast fracture condition, occurs when the stress intensity
factor surpasses the fracture toughness of the part [29]. Fast fracture is the growth of
existing cracks at the speed of sound. The fracture toughness, a material property, is a
function of the metal temperature. The fracture toughness at a specified temperature may
be estimated a priori. Then, the integration of Paris' Law is performed until condition II
is met. Finally, the number of cycles-to-failure at which this occurs is defined as the crack
propagation life.
B.2 Variable Temperature Crack Growth
The temperature dependencies of C1 and C2 must be accounted for when there is metal
temperature variability. Equations B.5, B.6, B.7, and B.8 comprise a model for the crack
growth.
da
dN=1 (B.5)
In(oP) = In(A) + ° (B.6)
Tmh
In(A) = -4.1 - 0.1617AK + 0.0095AK2 - 1.333(10-4)AK3 (B.7)
So = -1.0 - 0.1733AK + 0.0075AK2 - 1.1667(10-4 )AK3 (B.8)
These equations were created from the research of D. Jablonski [26] on the fatigue behavior
of Hastelloy-X at elevated temperatures. In particular, regression analysis were applied
to data for the Hastelloy-X fatigue at various metal temperatures. These equations must
be numerically integrated in order to solve for the crack propagation life at a variety of
temperatures.
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Appendix C
JP-8 Chemical Kinetic Mechanism
This appendix presents a chemical kinetic mechanism for the chemical reaction
¢qCnHm + (n + T)(0 2 + 3.76N2) - vco 2CO2 + vH2o H2 0 + .... + (n + m)(3.76)N2 (C.1)4 4
where jet fuel is represented by the molecule CnHm for n = 12 and m = 23 and is
the equivalence ratio. The mechanism is implemented in CHEMKIN III to estimate the
temperature and composition of the combustion products.
C.1 Chemical Mechanism
A chemical kinetic mechanism for JP-8 was proposed by Mawid, et. al. [411, and it was
used to determine the bulk gas temperatures. The mechanism is shown in Table C.1. It
contains 13 species and 20 steps. The species are C12H23, C2 H2, H2 , CO, 02, 0, OH, H,
H2, NO, CO2, N, and N2. M represents a third body.
C.2 Reaction Rate Constant
The rate of each reaction (k) is determined from the Arrhenius law [53]. This law states
that colliding molecules which contain energy greater the activation energy will react. This
phenomenon is characterized by
k = AT b exp (- (C.2)
where E is the activation energy of the reaction, R is the universal gas constant,and T is
the gas temperature. A and b are empirical constants. The first term of the equation (ATb)
represents the effects of the collision frequency. The second term exp- (E) is called the
Boltzmann factor. It quantifies the proportion of collisions containing energy exceeding the
activation energy. A has units of mole-cm-sec-K. E has units of cal/mole.
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Table C.1: JP-8 Chemical Kinetic Mechanism
STEP REACTION A b E
1 2C1 2 H23 => 12C 2 H2 + 11H 2 4.21E+14 0.1 29200.0
2 C2H2 + 02 => 2CO + H2 1.21E+13 0.1 30200.0
3 CO + O + M = C02 + O => C02 + M 6.17E+14 0.0 3000.0
4 CO + 02 = C02 + 0 1.60E+13 0.0 41000.0
5 CO + OH = C02 + H 1.51E+07 1.3 -758.0
6 OH + H2 = H20 + H 1.17E+09 1.3 3626.0
7 O + OH = 02 + H 4.00E+14 -0.5 0.0
8 0 + H2 = OH + H 5.06E+04 2.7 6290.0
9 20H = O + H2 0 6.00E+08 1.3 0.0
10 2H + M = H2 + M 1.00E+18 -1.0 0.0
11 H+OH+M=H 2 +M 1.60E+19 -2.0 0.0
12 H +O+M=OH+M 1.10E+17 -0.6 0.0
13 20 + M = 02 + M 1.89E+13 0.0 -1788.0
14 N + NO = N2 + 0 3.27E+12 0.3 0.0
15 N + 02 = NO + 0 6.40E+09 1.0 6280.0
16 N+ OH = NO+ H 3.80E+13 0.0 0.0
17 H2 + 02 = 20H 1.70E+13 0.0 47780.0
18 2H + H2 = 2H2 9.20E+16 -0.6 0.0
19 2H + H20 = H2 + H20 6.00E+19 -1.3 0.0
20 2H + C02 = H2 + C02 5.49E+20 -2.0 0.0
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Appendix D
Probability Fundamentals
The section presents some fundamental concepts of probability. First, the random variable
concept and its main descriptors are presented. Then, three probability distributions are
presented: the Gaussian, the log-normal, and the Weibull distributions.
D.1 Random Variables
Random variables numerically identify a range of possible outcomes for a random phe-
nomenon [24]. These parameters are often characterized by two main descriptors. They
are the first and second moments of the random variable. The first moment of a random
variable, x provides a weighted average of the values in x. It is the expected value of x.
The expected value is determined from
E[x] = xfx(x)dx. (D.1)
-00
The expected value, also referred to as the mean value (), is shown determined from
Hz = E[x]. (D.2)
In Equation D.1, f(x) is the probability density function (PDF) of x. The PDF is related
to the cumulative distribution function (CDF), Fx(x), in
Fx(x) = f(x)dx. (D.3)
-00
The CDF quantifies the probability content between -oo and x.
The second descriptor estimates the level of variability about the mean value. This
descriptor is the second central moment, or variance, as determined from
roo
Var[x]= (x - x) 2fx(x)dx. (D.4)
Another measure of the variability level of x is the standard deviation. The standard
deviation is estimated by taking the square root of the variance, as shown in
ao = Var[x]. (D.5)
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D.2 Gaussian Distribution
The Gaussian, or normal, distribution is the most widely used probability density function
[24]. The Gaussian describes most naturally occurring phenomena. In this thesis, the
normal distribution is used to mathematically model the effects of manufacturing variability
on key combustor design parameters. For a random variable x that is represented by a
normal distribution, the PDF is given by
f(x) exp(1(-)) (D.6)f. 2= ( .6)
and the CDF (Fx(x)) is defined by
1 f x-P
Fx(x) = -- exp(( (D.7)
D.3 Log-normal Distribution
The log-normal distribution is applicable to random variables that are always positive.
Some applications include the strength and fatigue life of a material, rainfall intensity,
project completion time, and air traffic volume [24]. The PDF of a logarithmic normal, or
log-normal, distribution for a random variable x is shown in
1 1 Inx- A 2fx( ) exp -z - (D.8)
The natural logarithm of x is normal if x has log-normal distribution. The parameters A
and are the mean and standard deviation of the natural logarithm of x, as shown in
A = E(lnx) (D.9)
and
V= /Var(lnx). (D.10)
D.4 Weibull Distribution
The Weibull distribution, named after Swedish engineer Wallodi Weibull (1887-1979), is
widely used in engineering problems. In particular, it is used in reliability engineering to
estimate the probability distribution of parts where there are multiple failure sites. The
life of this part is defined by the site with the lowest life. In other words, these failures are
governed by the weakest link [39].
The Weibull CDF (Fx(x)) for a random variable, x, is determined from
Fx(x) = 1 - exp [-(!)]. (D.11)
F,(x) is related to two constants, a and /. The significance of a and / is more readily
determined from the hazard function, which quantifies the failure rate for a given density
distribution. The hazard function, h(x), is related to the PDF and CDF of x via
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h(x) = f( (D.12)1 - F(x)'
The PDF can be determined from the CDF using Equation D.13.
dFf(z) = d (D.13)
Substituting Equations D.11 and D.13 into Equation D.12 yields an expression for the
hazard function, as shown in
h(x) = x)-1 (D.14)aa
a scales the distribution of x in the hazard function and is called the scale parameter. 
determines the shape of the hazard function [45] of x and is called the shape function. 
also determines the slope of distribution of x on a Weibull probability scale. Lower values
of indicate that x contains more variability than higher values.
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